We study the late-time relaxation following a quench in a open quantum many-body system. We consider the open Dicke model, describing the infinite-range interactions between N atoms and a single, lossy electromagnetic mode. We show that the dynamical phase transition at a critical atomlight coupling is characterized by the interplay between reservoir-driven and intrinsic relaxation processes in absence of number conservation. Above the critical coupling, small fluctuations in the occupation of the dominant quasiparticle-mode start to grow in time while the quasiparticle lifetime remains finite due to losses. Near the critical interaction strength we observe a crossover between exponential and power-law 1/τ relaxation, the latter driven by collisions between quasiparticles. For a quench exactly to the critical coupling, the power-law relaxation extends to infinite times, but the finite lifetime of quasiparticles prevents ageing to appear in two-times response and correlation functions. We predict our results to be accessible to quench experiments with ultracold bosons in optical resonators.
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In a closed system, the relaxation toward the equilibrium state is governed by processes which break integrability, allowing for an efficient redistribution of energy and momentum between the degrees of freedom. In this respect, important differences arise between classical and quantum systems [1, 2] . By contrast, in an open system the relaxation toward equilibrium is driven by exchange of energy and momentum with an external reservoir, so that the integrability-breaking intrinsic to the system does not necessarily play a role in the late-time dynamics close to the stationary state. In driven, dissipative systems, the latter is also generically different from a thermal-equilibrium state, since detailed balance is usually violated. Moreover, the presence of quantum correlations allows for the existence of entangled stationary pure states determined by the reservoir [3] . The scenario becomes even richer if one considers the relaxation dynamics close to a phase transition. Already for classical systems the standard theory of critical dynamics near equilibrium phase transitions [4] does not fully characterize the relaxation after quenches, since ageinglike behavior violates detailed-balance [5] . The extension of these concepts to quantum and open systems constitutes a challenging task which has recently received much attention both for the near-steady-state [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and quench [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] dynamics, also due to remarkable experimental advances in the control of hybrid systems involving phonons/photons coupled to ions [33, 34] , excitons [35] , superconducting circuits [36] [37] [38] , mechanical modes [39] , or neutral atoms [40] [41] [42] [43] .
In this work, we consider an open quantum manybody system close to a phase transition, where the interplay between dissipation and integrability breaking in absence of number conservation gives rise to a novel scenario for the post-quench relaxation dynamics. We consider an open version [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] of the paradigmatic Dicke model [55] , describing N two-level atoms equally coupled to a single, lossy mode of the electromagnetic field [56] [57] [58] [59] [60] [61] [62] [63] , recently realized experimentally with atoms in optical cavities [41, [64] [65] [66] [67] [68] [69] . Due to the infinite range of the atom-photon interactions (0-dimensionality), this model is integrable in the thermodynamic limit: N = ∞, corresponding to non-interacting polaritonic quasiparticles. Despite the absence of local degrees of freedom (typically used to characterize equilibration [70] ), integrability breaking in the Dicke model at finite N has been shown to lead to chaotic behavior [71, 72] and thermalization [73] in the closed-system case. Thermalization can also be achieved at N = ∞ via disorder [74] . Here we describe the late-time dynamics following a quench of the atom-light coupling strength in the open system at finite N . We show that quantum non-equilibrium fluctuations induced by quasiparticle interactions trigger a dynamical phase transition, which causes the occupation of the dominant quasiparticle-mode to become unstable and grow in time. However, the quasiparticle lifetime remains finite in presence of the Markovian losses. In the critical regime, we predict a crossover between exponential and power-law 1/τ relaxation. The latter is driven by quasiparticle collisions and extends to infinite times for a quench exactly to the critical point. However, since the quasiparticles involved retain a finite lifetime throughout the transition, the equilibration time does not diverge, thus ageing is not observed in two-times functions.
The algebraic dynamics with overdamped quasiparticles is a genuine out-of-equilibrium many-body effect, not related to critical slowing down since the system size N is finite. The description of the relaxation driven by quasiparticles collisions requires non-perturbative many-body techniques. In particular, it cannot be described using mean-field approaches.
Quench experiments performed recently in the open Dicke model [69] have started exploring the dynamical phase transition, for which our theory provides the quantum description of the critical relaxation. Our predictions will be observable in the late-time behavior of response and correlation functions after small quenches near the critical point.
I. THE MODEL
The Dicke model [55] describes the coupling of N twolevel atoms to a single mode of the electromagnetic field with the Hamiltonian
are collective spin operators with the single-atom Pauli matrices σ z,x i andâ † andâ are the bosonic photon creation and annihilation operators. ω 0 is the characteristic photon frequency, ω z the splitting of the atomic levels and g is the photon-atom coupling strength. We will consider an open version of this model by introducing Markovian photon losses with a rate κ. The non-unitary time evolution is described by the master equation for the density matrix ρ,
Since we will be interested in large atom numbers N , we perform a Holstein-Primakoff transformation:
yielding the following Hamiltonian
For N = ∞ the interaction HamiltonianĤ vanishes and the model is integrable i.e. describes noninteracting quasiparticles corresponding to polaritonic collective modes mixing atomic and photonic excitations. This quadratic model has a superradiant transition [56, 57] at a critical coupling strength [44, [47] [48] [49] 
where a finite average polarization b ∝ √ N and a finite coherent light component â ∝ √ N spontaneously break the Z 2 symmetry. The transition is caused by a soft mode (see also Fig. 1 ) with zero characteristic frequency ω qp , which switches from being damped to growing in time, i.e. the damping rate κ qp crosses zero at g c,0 . The transition is purely dissipative, i.e. characterized by completely overdamped quasiparticles κ qp ≥ 0 and ω qp = 0. This is due to the presence of Markovian losses while the transition is driven by the Hamiltonian sector [50] .
The Hamiltonian (3) does not conserve the excitationnumber since it contains counter-rotating terms. This has the same effect as a driving term, which can indeed compensate the effect of losses, resulting in a steady state with a finite excitation number [44, 46, 47, 50] . Moreover, as it is the case in driven-dissipative systems, the coexistence of counter-rotating terms and Markov losses violates the detailed balance characterizing global equilibrium (see [50] and Section III).
We conclude this section by pointing out that the absence of a continuum (or extensive number) of degrees of freedom does not prevent the system to show many-body behavior. The Dicke model, due to the infinite range of atom-light interactions, is 0-dimensional i.e. the spatial structure is lost. It therefore describes many quasiparticle excitations occupying the 4 possible polaritonic collective modes. The non-integrable model N < ∞ includes interactions between these quasiparticles. Given the unlimited Hilbert space in every mode and since the occupation numbers are generically large (O(N 1/2 )) in the scaling regime, see [50] and Section III), there is no notion by which the system describes a few-body or impurity problem. In particular, for the critical late-time dynamics of the system the relaxation i.e. redistribution of energy between the modes is strongly affected by quasiparticle collisions. This behavior cannot be described using mean-field approaches and rather requires many-body techniques as the non-perturbative diagrammatics introduced next.
II. APPROACH
The non-equilibrium critical properties of the open Dicke model have been recently investigated in nearsteady-state [66, 75, 76] and quench [46, 69] experiments. Here we want to go beyond the semiclassical studies and describe the critical post-quench late-time relaxation including quantum fluctuations due to quasiparticle interactions at finite system sizes as well as classical fluctuations from the Markov reservoir. We adopt a diagrammatic technique based on the real-time Keldysh functional-integral formulation of the Dyson equation [77, 78] , extending the steady state approach developed in [50] to include the relaxation induced by quasiparticle collisions as well as the breaking of time-translation invariance. In the Keldysh functional-integral approach [79] , one derives the two coupled Dyson equations for the retarded and Keldysh Green's function (GF):
where "•" indicates the convolution in real time.
Due to the absence of number conservation in the Hamiltonian, the GFs are 4 by 4 matrices:
The retarded GF encodes the spectral response of the system, the Keldysh GF its correlation functions. As detailed-balance cannot be assumed, we must determine G R and G K independently through Eqs. (5), (6) . The retarded GF G 
approximation (as for instance employed to describe spinchain dynamics [80] ), corresponding to the selection of Feynman diagrams shown in Fig. 4 . Self-consistency is necessary to treat late-time relaxation close to the steady state [77] . This is true despite the presence of the Markov reservoir since the system is close to a phase transition. Moreover, the inclusion of the Fock processes we perform here is required to describe the effect of quasiparticle collisions on the late-time relaxation of the system after a quench.
III. RESULTS
Starting from an initial atom-photon coupling g i , we consider a sudden quench to a value g > g i . We solve the coupled Dyson Eqs. (5), (6) in the SCHF approximation in the limit of large absolute times τ = (t + t )/2, i.e. for small relative deviations from the steady state, by means of an iterative numerical procedure. This approximate time-evolution is illustrated in detail in the Appendix B. In the limit of relative times t rel long compared to the quasiparticle lifetime 1/κ qp , that is, including only the dominant contribution from low-frequency quasiparticles, the solutions take the following form
where we used the notation δG
.., 4 of both retarded and Keldysh GFs follows the functional form (7) since the latter is determined by the least-damped quasiparticle mode corresponding to the dominant eigenvector of the 4 by 4 matrices [81] . The solutions depend only on three parameters whose behavior is shown in Fig. 1 and 2 as a function of the coupling strength g: the quasiparticle inverse lifetime κ qp (damping the relative-time dynamics), the system-damping κ kin in the absolute time, and the nonlinear coefficient λ kin .
A. Dynamical phase transition at finite N Let us first consider the integrable case: N = ∞. Since the quasiparticle interactions are absent, the system's damping is equal to the quasiparticle damping: Qualitative behavior of the quasiparticle characteristic frequency ωqp (gray) and inverse lifetime κqp (black), together with the system's damping rate κ kin (blue), as a function of the final value g of the light-matter coupling after a sudden quench from gi < g. The dashed line corresponds to the prediction of the non-interacting theoryĤ = 0, where κ kin = κqp. For ωqp there is no difference between interacting and non-interacting predictions at large enough N .
and analogously for the retarded GF. For τ → ∞ the steady state GF G
As shown in Fig. 1 by the black-dashed line, for N = ∞ the inverse lifetime κ qp vanishes linearly at the transition point g c,0 . In the non-integrable N < ∞ case (solid lines in Fig. 1) , we find the phase transition to occur instead at a critical coupling
where the inverse quasiparticle lifetime κ qp remains finite, while the damping κ kin vanishes according to:
as shown in Fig. 2 . Above the critical point: g > g c (N ) the system's damping rate κ kin becomes imaginary, with the magnitude again given by (9) , indicating an instability of the steady state of Eqs. (7). This peculiar dynamical phase transition characterized by a vanishing systemdamping at finite quasiparticle lifetime is triggered by quasiparticle collisions in presence of both Markovian losses and violation of number conservation, the latter effectively working as a drive. In the following, we illustrate how this critical point affects the system's dynamics after the quench.
B. Criticality and scaling laws
At any given 1 N < ∞, sufficiently far away from the critical point: (g c (N ) − g)/g c (N ) N −1/2 , we are in a weak-coupling regime (region I in Fig. 1 ) where the quasiparticle interactions fromĤ are always perturbative so that, to order 1/N , the GFs follow the integrable dynamics illustrated above: κ kin κ qp λ kin . Instead, for a quench to strong coupling (g c (N ) − g)/g c (N ) N −1/2 (region II in Fig. 1 ) the interactions appreciably renormalize the dampings such that κ kin < κ qp . Within this region, even closer to the critical point:
, we find κ qp ∼ N −1/2 such that λ kin cannot be neglected any more (see also Fig. 2 ). In general, the latter depends only weakly on the coupling g and is also of order N −1/2 [82] . The role of λ kin is to introduce algebraic relaxation characteristic of non-integrable dynamics. In our model without conserved quantities [50] algebraic dynamics emerges due to criticality, but is in general not necessarily a signature of the latter, for instance in systems with conservation laws [4] . At a given N -independent coupling g, the integrable limit of the late time dynamics is reached for N → ∞ since we enter the weak coupling regime as soon as (g c (N ) − g)/g c (N ) N −1/2 . If instead we pin the system to criticality (g c (N ) − g)/g c (N ) N −3/2 , the integrable limit is never approached since according to (9) κ qp κ kin ∼ N −1/2 → 0 and λ kin ∼ N −1/2 → 0, so that the non-integrable character is always important. This is related to the fact that at criticality the limits N → ∞ and τ → ∞ do not commute. As a side remark, the fact that quasiparticle collisions breaking integrability become important at criticality can be seen also by analyzing the steady state. In particular, as shown in the Appendix D, integrability breaking effectively creates a
3. Sketch of a log-plot of the time evolution of the particle number near gc(N ), separated into three regions. Starting from the vacuum, the system is for short time-scales described by the evolution according to the bare Green's function (region A), which will then cross over into an algebraic decay (region B), that continues to infinite times for g = gc(N ). For g < gc(N ) the final relaxation is exponential, as depicted in region C, whereas for g > gc(N ) the population instead evolves linearly through that of the unstable steady state.
bath for the spin (atomic) degree of freedom.
C. Algebraic vs. Exponential dynamics
An example depicting the generic behavior of the absolute-time evolution is sketched in Fig. 3 using the occupation of the quasiparticle mode n(τ ) = iG K (0, τ )/2 − 1/2 as observable. After the quench the system has to become sufficiently populated and correlated for interactions to become important. This requires a time τ alg ∼ 1/κ qp , after which the initial exponential integrable dynamics goes over into a non-integrable 1/τ behavior. Deep inside the strong coupling regime: |g c (N )− g|/g c (N ) N −3/2 , a second crossover takes place on a scale τ exp ∼ 1/κ kin , where for g < g c (N ) the algebraic relaxation goes back to exponential, as predicted by Eqs. (7) . Using the result (9) we get the following scaling
The transcritical g > g c (N ) time-evolution is also shown in Fig. 3 . For times later than τ alg the system first approaches the steady state G K,R ss (t rel ) of Eq. (7) algebraically: 1/τ . However, beyond the time-scale τ exp the system then evolves linearly past this unstable state with a characteristic rate given by ∂ τ δO κ 2 kin O ss / 4λ kin G K ss (0) for any observable O. After the linear regime, the evolution accelerates again, becomes algebraic and would eventually converge toward the symmetry-broken steady state. The description of such a state however requires the expansion around a symmetrybroken saddle point, including (self-consistent) finite field expectation values â and b , which is described by a more general version of Hamiltonian (3). The new steady state is therefore currently inaccessible to the presented dynamics. The sudden switch in the dynamical behavior at g = g c (N ) characterizing the phase transition is triggered by quasiparticle collisions in presence of both Markovian losses and effective driving. In particular, since the system has weakly damped quasiparticles at ω qp = 0 (which is possible due to Markovian losses), collisions take place almost on-shell and therefore efficiently increase the mode occupation. The drive (breaking number conservation) provides the source of quasiparticles allowing the latter process to induce an instability.
D. Absence of ageing
For a quench exactly to the critical point g = g c (N ), the power-law 1/τ dynamics extends down to the steady state. Due to the breaking of time-translation invariance and the presence of critical algebraic relaxation even down to τ = ∞ one might expect ageing to characterize the late time behavior of two-times functions [5] . Such behavior has been predicted to appear after quenches to critical points both in closed [83] [84] [85] and open [27] quantum sytems. In order to explore this possiblity we employ the fluctuation-dissipation ratio [5] t 2 ) with t 1 < t 2 , which allows to address possible violations of detailed balance and define effective temperatures for non-equilibrium systems, where the fluctuationdissipation theorem cannot be relied on. In χ O (t 1 , t 2 ) the index O means that the quotient is to be taken between expectation values corresponding to the most highly occupied eigenvector of some operator O. The limit lim t1→∞ lim t2→∞ χ O (t 1 , t 2 ) ≡ 1/T eff defines an effective temperature. In systems exhibiting ageing after a quench to the critical point the equilibration time diverges. As a consequence, the effective temperature defined through the above limit will not be equal to the value of the effective temperature obtained directly from the steady state, even if the system is in contact with a thermal reservoir. Using our late-time GFs (7) it is easy to see that the fluctuation-dissipation ratio is independent of the relative time:
Therefore, for absolute times larger than the equilibration scale
it relaxes to the inverse effective temperature T eff . Since at g c (N ) the quasiparticle lifetime remains finite 1/κ qp < ∞, the equilibration scale τ eq is also finite and thus no ageing takes place. 1/κ qp < ∞ also implies that the initial-slip exponent θ describing the (t 2 /t 1 ) θ scaling of two-times functions [5] is irrelevant, since the dynamics is exponential in the relative-time direction (see Eq. (7)). However, due to the driven-dissipative nature of our system, the steady state is not in global equilibrium, implying that the effective temperature obtained from (11) depends in general on the particular degree of freedom considered, consistent with what was found in [50] by extracting T eff directly from the steady state (see also Appendix D).
IV. PREDICITONS FOR THE EXPERIMENT
The dynamical phase transition of the open Dicke model has been investigated in recent quench experiments performed with a Bose-Einstein condensate (BEC) in an optical cavity [69] . We expect our predictions to be observable in response and correlation functions of the cavity output, once the wait-time τ w after the quench satisfies τ w τ alg ∼ 1/κ qp ∼ N 1/2 (see Section III). Generically, the smallest value of τ alg is reached when ω z (corresponding to the recoil frequency ω rec ∼ KHz in the BEC experiments) is of the same order of κ. This can be seen by comparing the value of κ qp for different values of κ = 2, 1, 0.2 shown in Fig. 2 and Fig. 5 , at a given ω z = 2.1. The largest κ qp is reached indeed for κ ω z , while for even larger κ (not shown) the quasiparticle damping decreases. For instance, in the experimental setup of [69] the cavity is very good: κ ω rec , so that κ qp ∼ κN −1/2 that is τ w ms × (10 5 ) 1/2 ∼ 300ms. While this is below typical BEC-lifetimes, it is currently not achieved in the experiments [69] , but in principle possible in the new-generation setups.
While the measurement of response functions require cavity probe-transmission experiments [44, 50] , the behavior of the correlation function in Fig. 3 will be directly observable from the cavity output intensity.
V. CONCLUSIONS
We have shown that the dynamics following a quench close to a critical point in an open quantum many-body system can depend crucially on the competition between external and intrinsic relaxation processes, the former due to drive and dissipation, the latter due to integrability breaking through quasiparticle interactions. In particular, we demonstrated a novel scenario involving a dynamical phase transition where critical algebraic relaxation is not accompanied by ageing, due to the finite lifetime of quasiparticles. The simplicity and paradigmatic character of the model considered allowed for a detailed understanding of the phenomena and should imply a broader relevance of our results.
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Starting from the master equation, the functionalintegral formulation of the action is achieved by replacing the operators acting left(right) of the density matrix with complex fields with a subscript "+"("−"). Calculating expectation values by a time-evolution along the Keldysh contour, the "+"operators act while the system evolves forward in time, while the "−"operators act on the backward branch. It is easier to obtain physical insight by rotating to "classical" a cl = 1 √ 2
(a + + a − ) and "quantum" fields a q = 1 √ 2
(a + − a − ), that deserve their name because only "classical" fields can propagate on-shell or have a finite expectation value [77] , whereas "quantum" fields encode the (potentially correlated) statistical noise in an equivalent Langevin formulation. Due to the loss of particle number conservation it is convenient to symmetrize the action through the identification of terms between advanced and retarded contributions. The symmetrized action ofĤ 0 in the absence of coherent fields then reads [50] 
The verbose notation with the eight-component field
is necessary, since each -Keldysh (cl, q) and Nambu (ω, −ω) structure -double the number of fields compared to the quantum mechanical representation. For N < ∞, the terms of the quartic interaction HamiltonianĤ in Eq. (3) have to be added to the action in (A1). Considering the possibility of interactions on the forward and the backward branch of the Keldysh contour, the corresponding part of the action reads
where "•" denotes the convolution in ω (normalized by 1/(2π)).
The results presented in the main text are obtained within a self-consistent Hartree-Fock (SCHF) approximation, corresponding to the selection of diagrams for the self-energies shown in Fig. 4 . The self-consistent Hartree (SCH) approach has already been treated by Dalla Torre et al in [50] for the steady state. As we illustrate next, the inclusion of the Fock processes we perform here is required to describe the effect of nonnumber-conserving quasiparticle collisions breaking the integrability. These collisions are essential ingredients in the steady state and late-time relaxation dynamics of the system close to the superradiant transition. Selfconsistency is achieved by calculating the self-energies Σ (K,R) as functionals of the dressed, rather than the bare Green's functions:
In order to highlight the novelties introduced by our SCHF approach, we now briefly discuss the main features of the SCH theory.
Within the Hartree approximation only one skeleton diagram contributes to the self-energies. Furthermore, because G R (0) + G A (0) = 0 only the retarded/advanced self-energy, given by the first diagram in Fig. 4 , is non-zero. The resulting frequency-independent selfconsistence condition can be solved (mostly) analytically and predicts that both κ qp and the number of excitations in the steady state remain finite for all values of the coupling constant. Furthermore, it can be shown [86] that the steady state is attractive under time-evolution for any coupling strength, implying that no dynamical phase transition occurs on the self-consistent one-loop level.
The theory becomes much more involved within the SCHF approach we employ here. First of all, the Fock self-energy of Fig. 4 is frequency-dependent as opposed to its Hartree counterpart. This enriches the problem by allowing for the inclusion of memory effects, which however play no significant role near the superradiant transition. Additionally, the Keldysh component of the Fock self-energy is nonzero and the retarded component has an imaginary part. This implies that the inclusion of the Fock processes in our theory allows us to describe relaxation through redistribution of energy via collisions between quasiparticles. Within this approximation there are two different subclasses of diagrams: those involving only one "quantum" field and those with three "quantum" fields. A bare scaling analysis of the model (A1),(A4) indicates that the latter are of higher order in 1/N compared to the more classical first subset of diagrams [50] . Yet, in order to improve our quantitative results for intermediate values of N as well as for the phase transition, we keep those diagrams. Independent of this, the self-consistent resummation of two-loop diagrams cannot be performed analytically forcing us to heavily rely on numerical methods for the calculation of quantitative results. However, all the analytical expressions in the main text are completely independent of the numerics, that can therefore -as done in figure 2 of the main text-be used for independent confirmation.
Appendix B: Time-integration of the coupled Dyson equations
Within the SCHF approximation, we perform a time integration of the coupled, nonlinear Dyson equations (5) and (6) for the Keldysh and retarded GFs. We adopt an iteration procedure valid in the vicinity of the steady state:
where c is the numerical update in our iteration, τ is the absolute time and we suppressed the dependence of the GF on the relative time t rel . Here the subscript ss stands for steady state. Since including the dynamics for the Keldysh component contributes only further additive terms with the same global prefactors, we simplify the expressions here to depend solely on the retarded Green's function. We see how the approximate time-iteration (B1) neglects memory effects involving time-integrals over the past, so that solutions of the form Eq. (7) of the main text can be found, where the t rel -functional form depends only parametrically on τ through κ qp (τ ). The τ -dependence of the latter is of order 1/N and thus negligible. The approximation involved in (B1) relies on a separation of timescales between the relative and absolute time-evolution and is equivalent to taking the leading order in the Wigner expansion of the convolutions between two-times functions [79] :
where we defined f (t 1 , t 2 )
The required separation of timescales is achieved in our system in the vicinity of the steady state and for a quench of g close enough to g c (N ). As Fig.1 shows, in this regime κ kin , setting the absolute timescale (see Eq. (7)), is much smaller than κ qp . The latter, setting the relative timescale, remains indeed finite at our dynamical phase transition. For the same reasons, our numerical timeevolution is not applicable well inside the weak-coupling regime (region I of Fig.1 in the main text) , since there κ kin κ qp .
Appendix C: Role of the photon loss rate κ
In this section we complement the results presented in the main text by computing the dynamical parameters κ qp , κ kin , λ kin for smaller values of the photon loss rate κ. The goal is to illustrate the qualitative behavior of the system in the isolated limit κ → 0. In Fig. 5 we show the results for κ = 1 and κ = 0.2, to be compared with Fig.  2 of the main text, computed for κ = 2. Two main observations emerge: i) since all the dynamical parameters (κ qp , κ kin , λ kin ) decrease for decreasing κ, the global timescale becomes slower; ii) since κ qp and κ kin become closer to one another, it becomes more difficult (i.e. one has to tune the system even closer to g c (N )) to reach the dynamical critical regime where κ in κ qp . Ultimately, in the κ = 0 limit, we expect κ kin to become coupled to κ qp , in the sense that the former cannot be made arbitrarily small compared to the latter, at any given N . The numerical computation leading to a set of results as the one in Fig. 5 is very demanding and becomes more and more so a κ → 0, since the global timescale becomes slower and κ kin → κ qp (see previous section). Our approach is not applicable in the case κ = 0.
Appendix D: The steady-state distribution function
In this section we consider the steady-state of the coupled-Dyson equations (5) and (6) of the main text. We will show how the integrability-breaking through quasiparticle interactions leads to equilibration. This intrinsic equilibration adds to the one induced by the coupling to the external reservoir.
To this purpose, we consider the steady-state distribution function F (ω) defined through
The function F (ω) determines the link between response and correlation functions and is therefore deeply connected with the fluctuation-dissipation relations in the steady state [77] . F (ω) describes the boundary conditions emergent in the steady state for each degree of freedom of our system. For instance, for a single bosonic degree of freedom in thermal equilibrium with a reservoir at temperature T , the distribution function F (ω) is simply coth(ω/2T ) [77] , while for a Markov reservoir corresponding to the Lindblad operator (2) of the main text we have F (ω) = 1, corresponding to a pure state [50] . One can thus expect F (ω) to be sensitive to the different drive and relaxation mechanisms, both external and intrinsic to the system. In order to analyze the distribution function for the photonic and atomic degrees of freedom separately, we have first projected the full 4 by 4 Green's functions onto the respective 2 by 2 sectors. Within each sector we then solved (D1) for F a (ω) and F b (ω), respectively, where the subscript a refers to the photonic and b to the atomic sector [79] . In Fig. 6 , we plot the eigenvalues F ± a (ω) of F a (ω), which due to the hermitian structure of F (ω) are purely real.
In our open Dicke model and in the integrable limit N = ∞, external driving is effectively present due to the bilinear coupling between photonic and atomic degrees of freedom which does not conserve the excitation number, while relaxation is induced externally by photon losses. As discussed in [50] , the corresponding distribution function for the photonic degree of freedom shows singularities at zero frequency and at the bare atomic resonance frequencies ±ω z . These singularities appear on top of the frequency-independent Markov background and result from the effective drive via the atoms. These singularities are of thermal nature, behaving like T eff /ω, with the effective temperature emerging due to the combination of the Markov reservoir and the driving. This temperature is different for the photonic and atomic degrees of freedom, indicating the violation of detailed balance arising from the fact that the whole system is driven but dissipates only through the photons (see also section III D).
Within our SCHF approach, we are able to include the equilibration mechanism intrinsic to the system, which is governed by the integrability-breaking terms.
In particular, as already discussed, the Fock processes allow to include the intrinsic equilibration induced by quasiparticle collisions. In the strong coupling regime: (g c (N ) − g)/g c (N ) N −1/2 , this introduces large qualitative and quantitative changes in F (ω), as illustrated in Fig. 6 for the photonic degree of freedom. Here we compare the prediction of the integrable theory: N = ∞ with our SCHF results. Apart from a shift of the singularities from their bare value ω z , the important qualitative change introduced by collisions is the splitting of these singularities via an avoided crossing. This splitting of the singularities at the (shifted) atomic resonances can be reproduced by adding to the integrable theory a second Markov reservoir, this time for the atomic degree of freedom. This corresponds to the steady-state of the following master equation
whereĤ 0 indicates the integrable Hamiltonian of Eq.(3). By choosing the effective atomic dissipation κ b appropriately (including the shift of the resonance frequency), we can simulate the extent to which the quasiparticle collisions result in enhanced decay of atomic excitations into multiple photons. This demonstrates how the integrability-breaking leads to enhanced equilibration by creating effectively a further bath for the the system. While F (ω) contains a lot of information encoded in its functional form, its measurement requires knowledge of both the spectral response and the correlation functions. The former gives direct access to the retarded (and by complex conjugation the advanced) Green's function while the latter directly corresponds to the Keldysh Green's function. Eq. (D1) would then allow to compute the distribution function.
